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. It has long been believed that swimming eukaryotes feel solid boundaries through direct ciliary
contact. Specifically, based on observations of behavior of green alga Chlamydomonas reinhardtii
it has been reported that it is their “flagella [that] prevent the cell body from touching the surface”
[Kantsler et al. PNAS, 2013]. Here, via investigation of a model swimmer whose flow field closely
resembles that of C. reinhardtii, we show that the scattering from a wall can be purely hydrodynamic
and that no mechanical/flagellar force is needed for sensing and escaping the boundary.
Interaction of swimming microorganisms with solid boundaries is vital to numerous biological processes ranging
from fertilization [1] to biofilm formation [2]. While the significance of such interactions have been acknowledged
extensively [e.g. 3, 4, 5, 6, 7, 8, 9], the underlying mechanism is yet a matter of dispute. Specifically, there is an
unresolved debate over whether it is the short-range steric or the long-range hydrodynamic that primarily rule mi-
croorganisms interactions with solid boundaries [3, 4].
For microorganisms with rear-mounted flagella (“pusher” type swimmers such as E. Coli bacteria and human
spermatozoa), recent studies finally put an end to the debate in support of the hydrodynamic interactions [10, 11].
However, for the other major group of microorganisms (“puller” type swimmers, i.e. those with front-mounted flagella
such as Chlamydomonas reinhardtii) the primary mechanism of surface scattering has still remained unsettled.
Few recent theoretical and numerical studies [12, 13, 14] have shown that specific puller-type swimmers (e.g.
deformable swimmers with amoeboid motion) can undergo purely hydrodynamic scattering in a channel (termed as
‘navigation swimming’ [12]). Whereas, for the case of Chlamydomonas reinhardtii (widely known as the paradigm
of puller-type swimmers), it has been believed that the scattering process is mainly governed by contact/flagellar
forces rather than hydrodynamic interactions. Experiments have shown that C. reinhardtii cells can feel and escape
a boundary after getting close enough to the wall [15]. Based on a series of visual observations, it has been claimed
[15, 16] that contact forces exerted by flagella to the wall drives the interaction. The observation has been further
generalized, suggesting that surface scattering of swimming eukaryotes is primarily steric rather than hydrodynamic
[15]. More recent experimental observations [17], nevertheless, do not support this claim: in scattering of C. reinhardtii
cells from a curved surface, there exist some cases in which the flagella do not even touch the wall [17].
Here, we consider a model microswimmer designed in such a way that its flow field closely resembles that of a
C. reinhardtii [18, 19]. Specifically, it induces an oscillatory flow field with anterior, side and posterior vortices in
the surrounding fluid. These are characteristics of the flow field generated by the green alga C. reinhardtii [20, 21].
Through direct computation, we show that this model swimmer feels and escapes the wall similar to C. reinhardtii,
without the need for a physical contact with the wall; hence, the scattering is purely hydrodynamic.
C. reinhardtii is usually categorized under the “puller” type swimmers, mainly because it induces the flow field
of a contractile dipole in the far field during its effective stroke. However, the flow field induced by the cell in its
close vicinity, which is of particular importance in the microswimmer-wall interactions, is not just a simple puller- or
pusher-type: it is an oscillatory flow field that includes side, anterior, and posterior vortices (see e.g. [20, 21]).
To mimic this complex flow field, a model microswimmer called Quadroar has recently been proposed [18, 19,
22]. The swimmer consists of two pairs of counter-rotating disks whose distance is periodically varied (Fig. 1-a).
When all motions (reciprocating and rotating) have the same frequency and there is no phase difference, the model
swimmer moves along a straight line in the x3 direction, and induces an oscillatory flow field with side, anterior
and posterior vortices (Fig. 1-c). This flow field closely resembles the flow field of a C. reinhardtii cell [19, 20].
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2Specifically, oscillation of the linear actuator creates the oscillatory flow field between puller and pusher types, and
the counter-rotation of disks contributes to the emergence of anterior, posterior, and side vortices. Via varying the
relative frequency of propellers, or by imposing phase-differences between them, a full three dimensional reorientation
maneuvers and tumblings can be obtained [18, 19].
FIGURE 1. (a) Schematic of the model swimmer, which combines harmonic oscillation of its body
length with counter-rotation of propellers. (b) Schematic representation of the model swimmer
scattering off a stationary solid wall. θin and θout are defined with respect to the axis normal to the
wall. (c) Snapshots of the oscillatory flow field induced by a single model swimmer in an infinite
fluid [19], which mimics the flow field around a C. reinhardtii cell [20]. The red thick bar represents
chassis of the swimmer, blue lines demonstrate streamlines, and the time scale is T = 2pi/ωs.
Let us consider a single swimmer moving near a no-slip solid boundary. The global frame of reference is fixed to
the wall such that its X3-axis is normal to the wall and points toward the semi-infinite fluid (Fig. 1-b). The swimmer’s
local frame of reference is attached to its geometric center so that its frame lies in (x1,x2)-plane, and x1-axis is along
the reciprocating chassis (Fig. 1-a). In our modelings, the length of each disk axle is denoted by 2b, and reciprocating
chassis’ length is 2l+ 2s(t) where s(t) = sm [1− cos(ωst)]/2, in which sm is the amplitude and ωs is the frequency
of oscillations. Angular velocities of the disks on left and right axles are c0ωs and −c0ωs, where c0 is a constant. We
choose b/a = l/a = 4 and sm/a = 2, and by choosing ωs = 1, all frequencies in the problem are normalized by ωs.
Here, unless otherwise noted, c0 = 50 which is reminiscent of flagella beat for a C. reinhardtii cell (∼ 50 Hz).
Contribution of each propeller (i.e. disk) to background streaming is modeled as the combination of point-force (f )
and point-torque (γ) flow fields. Therefore, our modeling involves four pairs of singularities (Stokeslets and rotlets)
in the vicinity of a no-slip solid boundary. To satisfy the no penetration and no slip boundary condition on the wall,
specific arrangements of singularities [23, 24] are placed at the image location (with respect to the solid wall) of each
of the swimmer’s singularities. It then can be shown (see appendix A) that the velocity field due to a point-force near
a no-slip wall is:
(0.1) u fi =
f j
8piη
[(
δi j
r
+
rir j
r3
)
−
(
δi j
r¯
+
r¯ir¯ j
r¯3
)]
+
2h f j
8piη
(
δ jmδmk−δ j3δ3k
) ∂
∂ r¯k
[
hr¯i
r¯3
−
(
δi3
r¯
+
r¯ir¯3
r¯3
)]
,
where η is dynamic viscosity and δi j is Kronecker delta. The point-force f is exerted at x0 = (ξ ,ζ ,h), and the image
point of x0 with respect to the stationary wall is given by x¯0 = x0−2(x0 ·e3)e3, where e3 is the unit vector normal
to the wall. Position of a generic point in space is denoted by vector x, and r is defined as r = x−x0. Similarly,
relative position of a generic point x from the image point x¯0 is defined as r¯ = x− x¯0. Using the same approach,
3FIGURE 2. Samples of the hydrodynamic sensing and escaping behavior of microswimmers swim-
ming near a solid boundary (denoted by the thick brown solid line at X3 = 0). The swimmers initially
swim toward the wall with different incidence angles: θin = 0o (a), 5o (b), 15o (c), 30o (d), 60o (e),
and 85o (f). The initial and final (after scattering) states of each case are shown. In each panel, the
black thick bar represents the swimmer’s body (c.f. Fig. 1-a), trajectory of the swimmer is shown
by a dashed line, the start points are denoted by asterisks, and arrows represent the initial direction.
velocity field due to a point-torque in the vicinity of a no-slip wall is derived as (see appendix A):
(0.2) uγi =
1
8piη
[
(γ×r)i
r3
− (γ× r¯)i
r¯3
]
+
1
8piη
[
2hεk j3γ j
(
δik
r¯3
− 3r¯ir¯k
r¯5
)
+6εk j3
γ j r¯ir¯k r¯3
r¯5
]
,
where the point-torque γ is exerted at x0 and all other parameters are defined in the same way as (0.1). Note that
the velocity (vorticity) field at the position of each propeller, which in turn determines f or γ, is then the sum of
contributions from all other propellers:
(0.3) un =
4
∑
k=1,k 6=n
(
u fk +u
γ
k
)
, 2Ωn = ∇×un,
where ∇× is the curl operator, and 2Ωn is the vorticity field at the center of propeller n. The force-free (∑4k=1fk = 0)
and torque-free (∑4k=1 [rk×fk +γk] = 0) conditions in low-Reynolds-number regime, combined with velocity and
vorticity fields presented in 0.3, provide us with a closed system of thirty coupled equations and thirty unknowns that
must be solved at each time step. Integrating linear and angular velocities in time will then provide the swimmer’s
position and orientation as a function of time (see appendix A).
In our numerical experiments, the model swimmer is launched toward the wall with various incident angles θin (c.f.
Fig.1b). Scattering angle θout corresponding to each θin is then measured with respect to the normal to solid boundary
4after steady state is reached. We show samples of behavior of the swimmer for θin = 0o, 5o, 15o, 30o, 60o, and 85o in
figure 2, in which the trajectory of the swimmer is shown by a black dashed line, chassis of the swimmer is denoted by
a black thick bar, and the blue (red) filled circles represents propellers initially on the left (right) side of the swimmer.
Without even touching the wall, the swimmer feels the solid wall in all cases, and escapes the boundary similar to
what has been observed experimentally for a C. reinhardtii cell [15, 17]. Note that sensing and escaping the boundary
here is purely hydrodynamic, as there is no contact/flagellar force defined for the model swimmer.
The only exception in which the swimmer feels the boundary but cannot escape it, happens when a swimmer
approaches the wall with θin = 0 (i.e. exactly normal to the wall). As theoretically required by the symmetry of our
ideal numerical experiment, for θin = 0 the swimmer can not choose any direction over the other one. For a typical
puller-type swimmer, far-field analysis predicts a head-on collision with the wall for this situation. But, here the
swimmer has a complex oscillatory flow field in its close vicinity, which saves it from hitting the wall. Surprisingly,
the swimmer stops swimming forward after getting close enough to the boundary (Fig. 2a). This state is, in fact, a
dynamic equilibrium. Because the swimmer is still struggling to swim forward with exactly the same stroke cycle as
before and energy is getting wasted continuously through the propellers, but the time-averaged position of its geometric
center has come to a halt . Note that on very short length scales, there is an intrinsic oscillation in the trajectory of
FIGURE 3. Time variation of the vertical position of a model swimmer approaching the wall with
θin = 0, i.e. exactly normal to the wall. Inset is the zoomed view of the tail, which represents the
very small-amplitude up-and-down oscillations.
the model swimmer that originates from the oscillatory nature of its flow field. These small-amplitude (∆Z/a ≈ 0.1)
up-and-down oscillations (also reported for swimming C. reinhardtii cells as the ‘zigzagging motion’ [25]) will still
be present in the dynamic equilibrium phase (see the inset of figure 3). However, there will be no net translation over
time for the swimmer in this phase (see Fig. 3).
Hydrodynamic scattering of our model swimmer, presented in the space of θout vs θin, is in a very good agreement
with a recent set of experimental data [17] on scattering of a real wild-type C. reinhardtii cell (see figure 4). The
only expected exception is at θin = 0 for which a perfect normal incidence (numerically easily achievable) results in a
dynamical equilibrium, whereas such equilibrium has not been reported in the experiments, clearly due to extremely
low probability of actual microorganisms approach the wall at the exact zero angle.
In this letter, we demonstrated how inducing a complex oscillatory flow field (with anterior, side, and posterior
vortices) is a sufficient tool for swimming cells to sense and escape the boundary. This clearly points to the hydrody-
namic nature of surface-scattering. Our results are also in a very good agreement with recently released experimental
data [17]. Our findings provide a new insight into the cell-surface scattering process. Also, may pave the path for new
techniques in controlling biological migration, for which many potential applications (including diagnostics [1], drug
delivery [26], and bioremediation [27]) can be sought .
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FIGURE 4. Comparison between the scattering angles (θout ) resulted from purely hydrodynamic
numerical simulations of the model swimmer (black filled squares), and the experimental data (green
circles) measured by [17] for wild type C. reinhardtii cells. Angles are presented in degrees.
APPENDIX A. DETAILED MATHEMATICAL FORMULATION
A.1. Model swimmer in an infinite fluid: singularity solution.
Due to the micro-scale size of the swimmer, the corresponding Reynolds number is very small (i.e. Re 1).
Therefore, the effect of inertia is negligibly small compared to viscous effects, and Navier-Stokes equation of motion
can be simplified to the Stokes equation:
(A.1) ∇P = η ∇2u+F , ∇ ·u= 0,
where P is the pressure filed, u is the velocity field, η is dynamic viscosity of the ambient fluid, and F is the body
force per unit volume.
The model swimmer has four propellers (disks of radii a) which are placed at the ends of its left and right axles.
Contribution of each disk to background streaming can be modeled as a combination of point-force (f ) and point-
torque (γ) flow fields. The force and torque acting on each disk i is given by
fi = η Ki · (vi−ui) ,(A.2)
γi = η G · (ωi−Ωi) ,(A.3)
where vi and ωi are absolute linear and angular velocities of disk i; ui and 2Ωi are velocity and vorticity fields of
the background fluid at the position of disk i, and η is dynamic viscosity. The geometry of disks are hidden inKi,G ,
which are tensors of rank two. Specifically, Ki is the translation tensor corresponding to disk i, and G is isotropic
rotational tensor of a circular disk rotating about its diameter, with the forms given by [28]:
Ki =
8
3
a
5− cos(2αi) 0 sin(2αi)0 4 0
sin(2αi) 0 5+ cos(2αi)
 , G = 32
3
a3I,(A.4)
where I is the identity tensor, a is radius of each disk, and αi denotes the angle that disk i makes with (x1,x2)-plane of
the swimmer. Considering only the point-force contribution of each propeller in an infinite fluid domain, the governing
equation can be written as:
(A.5) ∇P = η ∇2u+fδ (r), ∇ ·u= 0,
6where δ (r) is Dirac delta function. The point-force is exerted at x0, and for a generic point x in space r = x−x0
with r = |r|. Equation (A.5) can be analytically solved in several ways (see e.g. [29]), and the resultant velocity field
is known as Stokeslet:
(A.6) u(r, t) =
f
8piη
·
(
I
r
+
rr
r3
)
.
The contribution of a point-torque γ exerted at a point x0 in an infinite fluid, on the other hand, is derived from the
following set of equations [29]:
(A.7) ∇P = η ∇2u+∇× (γδ (r)) , ∇ ·u= 0.
The exact solution to (A.7) is also available (see e.g. [29]), and is called a rotlet:
(A.8) u(r, t) =
1
8piη
(
γ×r
r3
)
.
Linearity of Stokes equation allows us to invoke the principle of superposition. As a result, the net contribution of
each disk (when placed in an unbounded fluid domain) to background streaming, can be modeled as the combination
of a Stokeslet and a rotlet:
(A.9) u(r, t) =
f
8piη
·
(
I
r
+
rr
r3
)
+
1
8piη
(
γ×r
r3
)
.
The velocity field that the model swimmer induces in its surrounding (when swimming in an infinite fluid domain) is
then the sum of contributions from all of its disks:
(A.10) u(x, t) =
1
8piη
4
∑
k=1
(
fk
rk
+
fk ·rk
r3k
rk +
γk×rk
r3k
)
,
where x is the position vector of a generic point in space, and rk is the vector connecting geometric center of disk k to
this point. To calculate the induced vorticity field, one needs to then take curl of the velocity field (2Ω= ∇×u):
(A.11) 2Ω(x, t) =
1
8piη
4
∑
k=1
[
2fk×rk
r3k
+
3(γk ·rk)rk− r2kγk
r5k
]
.
A.2. Model swimmer in vicinity of a no-slip solid boundary.
As discussed in previous section, contribution of each disk to the background streaming is modeled here as a
combination of a point-force and a point-torque. Therefore, our model swimmer involves four pairs of singularities.
In the vicinity of a no-slip solid boundary, to satisfy the no-penetration and no-slip boundary conditions on the wall, a
specific arrangement of singularities – called image systems [23, 24] – is placed at each singularity’s image location.
The image systems of a Stokeslet (f ) that is parallel to and at a distance h from a wall is a combination of a Stokeslet
(−f ), Stokes-doublet (2hf ), and a source-doublet (−4ηh2f ). For a rotlet(γ) at a distance h and parallel to a wall
the image system includes a rotlet (−γ), a stresslet (16piηγ), and a source-doublet (8pihγ). For a rotlet (γ) that is
normal to a wall the image system is just a single rotlet (−γ), but for a Stokeslet (f ) normal to a wall the image system
includes a Stokeslet (−f ), a Stokes-doublet (−2hf ), and a source-doublet (4ηh2f ). Stokes-doublet, characterized by
a strength tensor of rank two (D jk), is (see e.g. [24, 30]):
(A.12) ui =
D jk
8piη
[(
− riδ jk
r3
+
3rir jrk
r5
)
+
(
rkδi j− r jδik
r3
)]
.
In the case of a force dipole which is symmetric and contributes no net torque to the surrounding fluid, the solution is
called stresslet and can simply be defined as the symmetric part of a Stokes-doublet (first term on the right-hand-side
of equation (A.12)):
(A.13) usymi =
D jk
8piη
(
− riδ jk
r3
+
3rir jrk
r5
)
.
On the other hand, the skew-symmetric part of a Stokes-doublet (A.12) represents the net torque contribution of a
force dipole. Thus, it is equivalent to the rotlet solution:
uskewi =
D jk
8piη
(
rkδi j− r jδik
r3
)
≡ 1
8piη
(γ×r)i
r3
,
7where γi = −εi jkD jk. Finally, the flow field due to a point-source with outward mass flux M is ui = (M/4pi)(ri/r3).
Therefore, the velocity field due to a source-doublet can be written as:
(A.14) ui =
M j
4pi
(
−δi j
r3
+
3rir j
r5
)
.
Using (A.6), (A.12), and (A.14) as the elements of our image system for a Stokeslet, velocity field due to a point-
force near a stationary no-slip wall is obtained as [23]:
(A.15) u fi =
f j
8piη
[(
δi j
r
+
rir j
r3
)
−
(
δi j
r¯
+
r¯ir¯ j
r¯3
)]
+
2h f j
8piη
(
δ jmδmk−δ j3δ3k
) ∂
∂ r¯k
[
hr¯i
r¯3
−
(
δi3
r¯
+
r¯ir¯3
r¯3
)]
,
where η is dynamic viscosity and δi j is Kronecker delta. The point-force f is exerted at x0 = (ξ ,ζ ,h), and the image
point of x0 with respect to the stationary wall is given by x¯0 = x0−2(x0 ·e3)e3, where e3 is the unit vector normal
to the wall. Position of a generic point in space is denoted by vector x, and r=x−x0. Similarly, relative position of a
generic point x from the image point x¯0 is defined as r¯=x− x¯0. Here m∈ {1,2}, and the expression δ jmδmk−δ j3δ3k
is non-zero only if j = k. Then it is equal to−1 if j = k= 3, and equal to +1 if j = k= 1 or j = k= 2. Equation (A.15)
can be also written in the familiar form of u fi = Gi j f j, where Gi j (r, r¯) stands for the free space Green’s function of
the Stokes equation:
Gi j (r, r¯) =
1
8piη
[(
δi j
r
+
rir j
r3
)
−
(
δi j
r¯
+
r¯ir¯ j
r¯3
)]
+
1
8piη
[
2h2
(
1−2δ j3
)(δi j
r¯3
− 3r¯ir¯ j
r¯5
)]
+
1
8piη
[
2h
(
1−2δ j3
)( r¯ jδi3
r¯3
+
3r¯ir¯ j r¯3
r¯5
− r¯3δi j
r¯3
− r¯iδ j3
r¯3
)]
.(A.16)
Similarly, upon substituting (A.8), (A.13), and (A.14) into the image system of a rotlet, the velocity field of a point-
torque in the vicinity of a stationary no-slip wall is then derived as [24]:
(A.17) uγi =
1
8piη
[
(γ×r)i
r3
− (γ× r¯)i
r¯3
]
+
1
8piη
[
2hεk j3γ j
(
δik
r¯3
− 3r¯ir¯k
r¯5
)
+6εk j3
γ j r¯ir¯k r¯3
r¯5
]
.
To sum up, for our model swimmer when swimming in vicinity of a solid boundary, the contribution of each
propeller (p) to background streaming is given by:
up (r, r¯, t) = u fp (r, r¯, t)+u
γ
p (r, r¯, t) ,(A.18a)
2Ωp (r, r¯, t) = ∇×
[
u fp (r, r¯, t)+u
γ
p (r, r¯, t)
]
,(A.18b)
where u f and uγ are given by (A.15) and (A.17). Note that the velocity (vorticity) field at the position of propeller n,
which in turn determines fn or γn, is the sum of contributions from all other propellers:
(A.19) un =
4
∑
k=1,k 6=n
(
u fk +u
γ
k
)
, 2Ωn = ∇×un,
where 2Ωn is the vorticity field at the center of disk n.
The force-free (∑4k=1fk = 0) and torque-free (∑
4
k=1 (rk×fk +γk) = 0) conditions in low-Reynolds-number regime,
combined with velocity and vorticity fields presented in (A.19), provide us with a closed system of thirty coupled
equations and thirty unknowns that must be solved at each time step. Integrating linear and angular velocities in time,
using RK78 method [31], will then provide the swimmer’s position and orientation as a function of time.
APPENDIX B. EXPLORING THE SPACE OF PARAMETERS
The numerical results presented in figure 4 correspond to the case of c0 = 50 which is reminiscent of the flagellar
beat frequency of green alga C. reinhardtii. Our numerical experiments show that the scattering behavior of the model
swimmer will remain the same for different values of c0. Changing the value of c0 will only change swimming speed
of the swimmer, and thus the time required for its scattering. The swimmer’s scattering angle (θout ) and its minimum
distance (dmin) from the wall, as a function of its incidence angle (θin), are presented in figure 5-a for different values
of c0. The results further confirm similarity of the behavior for swimmers with different propeller speeds. A similar
effect has been also reported for amoeboid swimmers [12, 13], where swimming stroke frequency does not change the
navigation behavior.
Moreover, in our numerical experiments we have considered, as a benchmark, a model swimmer with sm/a = 2 so
that a = 1 µm provides us with the body size of 8− 12 µm similar to that of a C. reinhardtii cell [32]. To explore
8FIGURE 5. The scattering angle (θout ) of the model swimmer and its minimum distance (dmin) from
the wall as a function of its incidence angle (θin). The black (brown) axis on the left (right) measures
the scattering angles (minimum distances from the wall). For each incidence angle, the scattering
angle (minimum distance from the wall) of the swimmer is shown by a black unfilled (brown filled)
square, right-triangle, and up-triangle for: (a) c0 = 5, 50, and 500, respectively; (b) sm/a= 1, 2, and
4, respectively; and (c) h0/a= 15, 20, and 25, respectively. The benchmark (also presented in figure
4) corresponds to c0 = 50, sm/a = 2, and h0/a = 20.
the effect of body size on the scattering behavior of the swimmer, figure 5-b represents the scattering angles (θout )
and minimum distances from the wall (dmin) of swimmers with different values of sm. Qualitative and quantitative
similarity of the scattering results observed for swimmers with different values of sm, further highlights the primary
role of flow characteristics (i.e. oscillatory nature of the flow combined with side, posterior, and anterior vortices)
rather than body size of the swimmer.
Lastly, we also present the scattering results of the swimmer when launched toward the boundary with different
initial distances (h0) from the wall (figure 5-c). Note that by increasing the incidence angle (θin), the effect of initial
distance becomes more clear. In its extreme case, for θin = 90o (i.e. when the model swimmer initially swims parallel
to the wall) the minimum distance is equal to h0 itself, which here ie set to different values. As we get closer to the
other extreme (i.e. swimming normal to the wall), quantitative difference between the results fades out both for the
case of scattering angles and minimum distances from the wall (see figure 5-c).
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